
5 Renormalization Renormalization group RG equations a hepph 0607228

Renormalization

The factorization formula for thrust e when Tal is givenby
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Up to NLO we have
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The physical observables is free of divergences so the cross section canbe expressed

by renormalized quantities
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RGE of hardfunction

The renormalization of hardfunction is local In MS scheme the poles are absorbed

into Zulu leading to
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To derivetheRGEofhardfunction We first notice that thebarehardfunction is RG invariant
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Tului canbeobtained from Zulu
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Thehigher order results of Tasp and V have already been obtained
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Thesolution of RGE is
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For convenience we define
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Finally the solution of RGE for hard coefficient
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The exponents Silvius and Annul can be obtained by expanding the
anomalous dimensions in as and performing integrals order by order
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Renomalization
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Then the RGEof jet function can be written explicitly
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To make the convolution of star function clear we changevariable fromp to p p p
Idt pain JCP Side pi JCPpinu

Side pls Jlp p u

Fdp J pimp JM'M JlpulIdepi
flap Joji p n t Jlp.usln

ddyJ7M 12Taisplas ln 227ns JcpM 2TansplasIdpTay p
To solve this integro differential equation Laplace transformation is helpful
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To derive the jet function in Laplacespace we can compare thefollowing two expansion
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sothe jet function in Laplace space can be obtained from the on in momentumspace

by following replacement
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There is no star fumition in Laplace space so the renormalization is local
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Thesolution of jet function is similar with the one of hard coefficient
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To obtain the evolved jet function in momentum space we perform
inverse Laplace transformation
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Finally the evolved jet function is given by
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RGE of soft function

The soft function in Laplacespace is givenby
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Renormalization factor is
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RGE in Laplace space is
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Thesolution of RGE in Laplace space is
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After inversetransformation we get the evolved soft function in momentum space
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Resummation for thrust observable See hepph 0803.0342
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Compare withconventional approach using Mellin transformation
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Comparing withgeneral convention of resummation
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We can link the accuracy of resummation to the coefficients of anomalous dimensions
The terms in the exponents Sir.nl andAp v.nl can besplitted into A B CD as follows
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6 TMD factorization Resummation

Kinematics
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The soft and anti collinear fields need to multi pole expansion
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Softfunction at NLO
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Then NLO Soft function can be rewritten as
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Beam function atNLO
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We extract Iie from partoniclevel PDFs
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NLO calculation Startingfromdefinitionof thefollowingmatrixelement
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where thefollowing two integrations havebeen used
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The corresponding contribution to log12 can be obtained by setting Xy o straightforwardly

It leads to zerocontribution because of factor YM In anotherword it is scaleless
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With the exponential regulator the contribution fromdiagb canbe calulated as follows
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Again the corresponding contribution to log12 can beobtained by settingXy o
straightforwardly which is scaleless

There are non vanish contribution to beam function from softcollinear overlap region

Zero bin collinear matrix elements in soft limit Kt k Kt Mix xx
accountfor overlap in soft collinear region

Phasespaceofcollinearsector in Soft limit
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Sothe contribution to Baig12 x from Zero bin region is
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Tocompletequark beam function gog channelshouldalsobe taken into account

In qq.g.ijp.gg
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Again OÉg is scaleless once with set at o Sowe canget
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Toseethe full cancellation of poles We need take the renormalization of standardPDFs
into account which is givenby
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This operation has two properties

1 Commutative f g z gof z

2 associative f g h 12 fog h z

Proofof thefirst
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Proofofthesecond
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Torelate the anomalousdimension and Z factor we need to introduce inverse Z factor
Because the Z factorforPDFs is nonlocal and in matrixformof Z we first study the
inverse transformation for the Z factor matrix which is defined as
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Theaboveidentity canbewritten in thefollowingformexplicitly
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Then the inverse Z factor at NLo can bederivedas
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Comparewith RGE of the standardpartondistributionfunctions PDFs whichobey DGLAPevolution
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we have the renormalization for standardPDFs at NLO
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where
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Finally thebarebeamfunction at NLO is givenby
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The pole of E in the bare quarkbeamfunction is

p

combining with thebare softfunction
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Thepoles can be written as
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Renormalization RGE

Here and below we replace t with V l t and write thedependenceof u explicitly
The renormalization for beam function is local

Bintzxt.eeV 213 Mv Bin ZXtV

At NLO the divergencepartof Benhasbeen known at NLO so we have

ZBMir A I dCF4hr7 3

The RGE of beamfunction is
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convention isdifferent
from 1908.03831

The renormalized splitting kernel Iq ilz.xt.m.nl can be defined as follows
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Comparing with thedefinition at barelevel we can relate renormalized Iis to thebareone
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Above relation can bewritten explicitly
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Thenthe renormalized splittingkernels uptoNWaregivenby
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RGE of Li can bederived from
dead BinZX'tMV 4 dendulic a.mV 0inM 121 4 Lic a.mV defendinm 121
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Renormalization RGE forsoftfunction

Renormalization of softfunction is givenby
Spy XIMV ZsMV Spy Xt

Renormalization factor canbe determined from baresoftfunction
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The RGE of softfunction is
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Tuscan 205335 441 8Gluth
Thegeneharlformof Tsim can bewritten as

TI u u 2Taspascusbn I 271ascus
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The rapidity renomalization group equation RRGE is
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Basedon theNLD result wehave
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It is notdifficult to see
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To T Ta
be resummed by
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µya evolution of soft that is d
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Then it is easy to see that
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To eliminate the logs in NLO soft function the initial scalesshouldbe chosen as

Us Us

Now we have theevolved soft function
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Resummation
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hardthe easist way to resumlargelogs is to maintain the beam Mann

function at its characteristic scale MBVB boXt M and

t evolve thehard andsoft functionfromtheir characteristic

Scales to 1913.43 just as shown in therightfigure
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First dueto thecancellationof rapidityscale v we can maritainthebeamfunction at r Ve M
and run therapidityscale in soft function from usMs box to VB M
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The Collins Soper kernel can beexpanded as
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